We present a theoretical analysis of the selective darkening method for implementing quantum controlled-NOT (CNOT) gates. This method, which we recently proposed and demonstrated, consists of driving two transversely-coupled quantum bits (qubits) with a driving field that is resonant with one of the two qubits. For specific relative amplitudes and phases of the driving field felt by the two qubits, one of the two transitions in the degenerate pair is darkened, or in other words, becomes forbidden by effective selection rules. At these driving conditions, the evolution of the two-qubit state realizes a CNOT gate. The gate speed is found to be limited only by the coupling energy J, which is the fundamental speed limit for any entangling gate. Numerical simulations show that at gate speeds corresponding to 0.48J and 0.07J, the gate fidelity is 99% and 99.99%, respectively, and increases further for lower gate speeds. In addition, the effect of higher-lying energy levels and weak anharmonicity is studied, as well as the scalability of the method to systems of multiple qubits. We conclude that in all these respects this method is competitive with existing schemes for creating entanglement, with the added advantages of being applicable for qubits operating at fixed frequencies (either by design or for exploitation of coherence sweet-spots) and having the simplicity of microwave-only operation. * pieter.degroot@lmu.de arXiv:1201.3360v2 [quant-ph] 
I. INTRODUCTION
An important step towards the realisation of a quantum computer is to implement a set of universal gates from which all other operations can be composed. The quantum controlled-NOT (CNOT) gate is a prominent example of a two-qubit universal gate, requiring only the addition of single-qubit gates to form a complete universal set. The physical implementation of a gate depends on the type of qubit that is used, but even for a specific qubit type a certain gate can often be implemented using a variety of methods. The ideal method delivers a gate that is fast compared to qubit decoherence times, has a high fidelity, is simple to implement and does not introduce constraints that compromise the coherence time of the qubits or the implementation of other gates.
One classification of two-qubit gates is based on the required nature of the interaction between the qubits [1] . When the interaction term contains diagonal elements in the single-qubit energy eigenbasis, often referred to as longitudinal or zz-coupling, the transition frequency of one qubit depends on the state of the other qubit. Although this spectroscopic shift enables simple resonant driving for all operations [2, 3] , the shift also leads to continuously evolving phases that must be compensated by refocusing schemes [4] . In contrast, for transverse coupling the energy splitting of one qubit does not depend on the state of the other qubit. In this respect, the system can be described as a set of effectively uncoupled qubits [5, 6] . The desired entangling evolution can then be induced by dynamic manipulation of the system. Clearly, the degeneracy due to the lack of a spectroscopic splitting forbids any method based on frequency-selectivity. Focusing on superconducting qubits [7] [8] [9] [10] [11] [12] [13] [14] [15] , previous methods used either additional coupling elements [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] [26] [27] [28] [29] , extra qubit states outside the computational basis [25, [30] [31] [32] or shifting levels in and out of resonance by DC [33] [34] [35] or strong AC fields [5, [36] [37] [38] .
Another important consideration is that a method can require certain bias conditions of the qubits, which might not always be compatible with optimal coherence time conditions, or the implementations of other gates. This is especially important for qubits with a so-called sweet-spot, an optimal bias point at which the qubit is rendered insensitive to specific noise channels, and coherence times can improve by orders of magnitude. For some qubit types and coupling schemes these sweet-spots are intrinsically connected to having a transverse coupling. Previous work [5, 6, 21, 36, [39] [40] [41] has specifically focused on two-qubit quantum gates that can be fully implemented at sweet-spots.
In this work we theoretically analyse a CNOT gate based on the selective darkening method as proposed and demonstrated in reference [39] . This method is for transversely-coupled qubits and requires driving two qubits simultaneously with a single frequency, with specific relative amplitudes and phases. The method was developed in the context of superconducting qubits, but can also be used for any other coupled-qubit system with pure transverse coupling [42] . The basic principle of the gate is explained in section II, for both small and large coupling energies. In section III we briefly discuss the relation of selective darkening to other comparable methods. The time-domain evolution of the gate is investigated in section IV, including the possible gate errors caused by ac-Stark shifts due to off-resonant driving of other transitions in the system. A numerical study of the gate evolution, gate errors and gate speed is presented in section V. The influence of possible higher-lying levels is analysed for weakly anharmonic qubits in section VI. Lastly, the scalability of the method to systems of multiple qubits is studied in section VII, and we finish with the conclusions and discussion of the results.
II. SELECTIVE DARKENING A. Basic principle
Selective darkening provides an entangling operation between two coupled qubits. To operate the gate, one drives both qubits with a common frequency, but individually tuned amplitudes and phases. In this section we first give an intuitive explanation of the method, and for simplicity assume a coupling energy between the qubits that is much smaller than the other energies in the system.
The selective darkening method is suitable for any coupled-qubit system where the effective coupling term is purely transverse, i.e. where the matrix describing the interaction, written in the energy eigenbasis of the uncoupled system, does not contain any diagonal elements. Here we consider a system of two transversely coupled qubits that is described by the HamiltonianĤ
x ,
where ∆ i is the single-qubit energy splitting of qubit i, J is the qubit-qubit coupling energy andσ
x,y,z are the Pauli spin matrices (σ (1) x,y,z =σ x,y,z ⊗ 1,σ (2) x,y,z = 1 ⊗σ x,y,z ). Note however that other (effective) Hamiltonian with pure transverse coupling, i.e. with any combination ofσ (1) x,yσ (2) x,y coupling terms, would not change the principle of the method. The same remark holds for systems where the coupling is not direct between the two qubits, but mediated by an extra coupling element such as a harmonic oscillator [43] or a SQUID [22] (Superconducting QUantum Interference Device). In figures 1(a) and 1(b) two relevant example systems are depicted.
|T | As a first step we treat the coupling strength J as a perturbation, taking J |∆ 1 − ∆ 2 |. We also assume that
, so that we can ignore terms containing the ratio J/∆ j . With no loss of generality, we also take ∆ 1 > ∆ 2 . To first order in perturbation theory, the four energy eigenstates are given by:
The energies are unaffected by the perturbation to first order. In other words E 2 − E 0 = E 3 − E 1 = ∆ 1 and
(In the next section it is shown that the relations E 2 − E 0 = E 3 − E 1 and E 1 − E 0 = E 3 − E 2 hold to any order). The energy levels are shown schematically in figure 1(c). The arrows indicate the transitions of interest; the blue and red arrows describe the transitions of qubit 1 and 2, respectively. As mentioned above, each pair of transitions is degenerate, which is typical for transverse coupling [44] . Let us now add a driving term of frequency ω, resonant with one of the degenerate pairs of transitions, that couples with amplitude a 1 and phase ϕ 1 to qubit 1, and a 2 and ϕ 2 to qubit 2:Ĥ drive = a 1 cos(ωt + ϕ 1 )σ
The amplitudes a 1 and a 2 are real and positive, and the phases ϕ 1 and ϕ 2 are real. If we choose ω = ∆ 2 /h (in our first-order approximation), we match the transition frequency for flipping the state of the second qubit, i.e. we should drive the transitions |0 ↔ |1 and |2 ↔ |3 [corresponding to red arrows in figure 1(c)]. We now evaluate the transition strengths T k↔l = l|H drive |k of both transitions, i.e. the matrix elements that govern the Rabi frequencies of the oscillations (ω R = 2|T |/h). The termH drive represents the (time-independent) co-rotating field, meaning that we take the rotating wave approximation, givingH drive =H + drive for k > l andH drive =H − drive for k < l (The derivation of the co-and counter-rotating terms is done in appendix A). The resulting transition strengths are:
(5a)
Crucially, the two transition strengths are not equal. Figure 1(d) shows the normalized |T | = |T |/(a 1 + a 2 ) as a function of a 1 /(a 1 + a 2 ), for a fixed phase difference ϕ 2 − ϕ 1 = 0. The blue lines correspond to the two transitions of qubit 2. The difference in transition strength leads to a different evolution for the two corresponding transitions. This can be conveniently visualized using a Bloch sphere representation, as shown in figure 2(a) . The black and grey arrows both represent the state of the qubit that is resonantly driven (in our example qubit 2), where black (grey) indicates that the other qubit is in state |0 (|1 ). The transition strength is a complex number and both the amplitude and phase are relevant for the evolution of the state. Difference in the amplitudes of the two transition strengths leads to different Rabi frequencies of the oscillations (ω R,1 = ω R,2 ). Difference in the phases of the transition strengths leads to different rotation axes (ϕ R,1 = ϕ R,2 ). We make some simple observations. A single-qubit gate is a gate that changes the state of one qubit with the change being independent of the state of the other qubit(s). In the Bloch sphere picture this means that when a rotation is induced on one qubit, the rotation speed and the orientation of the rotation axis do not depend on the other qubit being in state |0 or |1 . This situation is indicated in figure 2(d). This only occurs when the driving field couples exclusively to the qubit that is resonant with the driving field; in our case this corresponds to a 1 = 0 (or a 1 /(a 1 + a 2 ) = 0, see figure 1(c)). All other settings of the driving field lead to entangling evolution of the system, and can be used to create entangling gates. Note that if one intends to perform a single-qubit gate, and the drive is not applied exclusively to that qubit, the two-qubit evolution that is aimed for in this work should be taken into account as a possible source of errors, unless the system has a tunable coupling that can be reduced to zero [16, 24, 45] . Even though many different settings of the driving field can be used to create entangling gates, two special cases stand out. The first is where the driving field resonant with one qubit is exclusively applied to the non-resonant qubit (a 2 = 0, a 1 /(a 1 + a 2 ) = 1). This driving scenario will lead to equal rotation speed of both state vectors, but opposite direction. This case will be discussed further in section III.
The second special case is the main focus of this paper, where one of the transition strengths equals zero [depicted in figure 1(d) by the black dotted lines]. Here one transition is fully suppressed, i.e. darkened, while the other transition has a finite transition strength. Specifically, if we choose:
and ϕ 2 − ϕ 1 = 0, we find that the Rabi oscillation frequency for the transition |0 ↔ |1 is zero, so that we only drive the transition |2 ↔ |3 . This condition provides exactly what is required for a CNOT gate: for the appropriate driving duration the state of the second qubit is flipped if the first qubit is in state |1 , while it remains unaffected if the first qubit is in state |0 . The 0-CNOT gate, where the second qubit is flipped only if the first qubit is in state |0 , is achieved by taking equation (6) and
The speed of the gate is determined by the transition strength of the non-darkened transition, which is now given by:
One must take care that both a 1 and a 2 are small enough to not excite other transitions by off-resonant excitation. As a simple estimation for the maximum gate speed we take the driving amplitudes such that for all the off-resonant transitions the transition strength is smaller than the detuning of the transition frequency with the driving field: l|H drive |k < |hω −hω l↔k |. In this case the transitions |0 ↔ |2 and |1 ↔ |3 provide the tightest restrictions
The resulting estimate for the maximum Rabi frequency of the CNOT transition is
This means that the maximum gate speed is determined by J, which is the fundamental upper limit on performing a two-qubit gate; a two-qubit gate cannot be faster than the coupling strength in the system [46] . How close the gate can get to this estimate for the maximum speed (for a given fidelity) is studied numerically in section V.
B. Strong coupling
In the simplified calculations of the previous subsection, the energy eigenstates are easily identifiable as being almost equal to the states of the computational basis. However, the Hamiltonian [equation (1)] is simple enough that it can be diagonalized without approximations:
where
For compactness of the following equations, we also define
We now find that
and
The condition for selective darkening of qubit 2 transitions is then given by
with ϕ 2 − ϕ 1 = 0 for the 1-controlled CNOT gate (1-CNOT), and ϕ 2 − ϕ 1 = π for the 0-CNOT gate. This condition generalizes equation (6) , which was derived for the weak-coupling limit. The condition for selective darkening of qubit 1 transitions is
with ϕ 2 − ϕ 1 = π for the 1-CNOT gate, and ϕ 2 − ϕ 1 = 0 for the 0-CNOT gate. In this case (i.e., with arbitrary values of ∆ 1 , ∆ 2 and J), the transition frequencies are given by:
Note that this derivation shows that the selective darkening gate can also be used when ∆ 1 = ∆ 2 , giving a 1 = a 2 for the required amplitude ratio for both qubit 1 or qubit 2 as the target qubit. In this special case the selective darkening method is equivalent to the method proposed by Beige et al. [47] and has recently been demonstrated experimentally [48] .
III. RELATION TO OTHER GATES
Independently of our work on selective darkening (SD), a cross resonance (CR) scheme for realizing two-qubit gates for transversely-coupled qubits was proposed in reference [40] . The CR coupling scheme relies on driving one qubit (the control qubit) at the resonance frequency of the other qubit (the target qubit) and has the result of driving Rabi oscillations in the target qubit in one of two opposite directions based on the state of the control qubit. Even though at first sight the driving condition and resulting dynamics might seem to be very different from those of the SD scheme, the two schemes are related by a simple rotation. This relation can be seen by looking at figures 2(b) and 2(c) and noting that in both cases the two-qubit dynamics involve rotations of the target-qubit state about a single axis. As a result, the two-qubit evolution commutes with any single-qubit rotation about the same axis. One can therefore convert any CR-like operation into an SD-like operation by applying a single-qubit rotation designed to cancel one of the two possible CR rotations. Crucially, because the single-qubit and two-qubit rotations commute, they can be applied simultaneously. Starting from the CR scheme as a reference point, one could say that the driving field applied to the target qubit in the SD scheme is designed to oppose one of the two rotations in the CR scheme, thus producing CNOT-gate dynamics.
It is interesting in this context to look further back into the history of coupling schemes for superconducting qubits. After the proposal of the FLICFORQ coupling scheme [5] , it was shown that that this scheme is a special case of a family of coupling schemes using the physics of double resonance [36, 37] . In particular, even though the coupling scheme used in reference [38] might seem very different from FLICFORQ, they are both special cases of the doubleresonance family of coupling schemes. The general condition that needs to be satisfied for double resonance is given by:
It is then interesting to note that the condition for the CR [40] and SD gates [39] , i.e. driving both qubits at the frequency of one of them with small amplitudes, satisfies the double-resonance condition. One can then wonder whether these coupling schemes can also be seen as two more (closely-related) members of the double-resonance family.
The CR and SD schemes can indeed be seen as special cases of double resonance. However, they also involve some qualitative differences with previously studied cases, such as the FLICFORQ and ac-Stark-shift-induced resonance, making them more like distant relatives of the conventional double-resonance schemes (It is worth noting here that another different scheme of the same family was discovered in numerical results in reference [37] ). One difference between the more conventional double-resonance schemes and the CR and SD schemes becomes apparent if one plots the energy-level diagrams of the two driven qubits in the dressed-state picture. In the schemes of references [5, 38] , one transition between dressed states of qubit 1 becomes resonant with one transition between dressed states of qubit 2. As a result, a swap-like operation takes place with the two single-qubit transitions driven in opposite directions, such that the total energy is conserved. In the case of CR and SD, two pairs of transitions are resonant and are involved in the gate operation, as can be seen in figures 1 and 4 of reference [40] . The result turns out to be a conditional operation: the well-known CNOT-gate dynamics in the SD case, and a CNOT gate combined with a single-qubit rotation in the CR case.
The classification of different gates can also be done using the geometric representation of references [1, 49, 50] . Being related by simple single-qubit gates, the CR and SD CNOT gates correspond to exactly the same dynamics of the Makhlin parameters. The more conventional double-resonance class of gates, as well as the gate of reference [51] , all exhibit oscillations corresponding to the iSWAP gate. As a result the Makhlin parameters exhibit similar behaviour for these cases.
In reference [52] a scheme is discussed to control the individual states in degenerate subspaces of three qubits coupled in a loop. That scheme is based on the same principles as the SD and CR method. The gate proposed in reference [51] is similar to the CR and SD method in the sense that it also provides a microwave-only entangling gate between two qubits and does not involve shifting dressed states into resonance by strong driving. This gate however requires a coupling type that is at least partially longitudinal. Creating entangling evolution between two coupled qubits by tuning the amplitudes and phases of a driving field is also discussed in references [53] and [54] .
Another intimately related effect to SD is illustrated by the dark states encountered in circuit quantum electrodynamics. When two qubits are both coupled to a harmonic oscillator, and the qubits are biased to have equal splitting, the energy levels exhibit an anti-crossing. Some of the transitions are typically found to be forbidden. This effect can be interpreted as SD, as the condition for selective darkening for two qubits of equal splitting is when both qubits are driven with equal amplitude [48] (see section II B). Recently, it has been proposed and demonstrated that these properties can be exploited further by defining a new logical qubit from two conventional qubits, using only two out of the four original states [55] [56] [57] . Within this definition, the coupling to the resonator can be treated as tunable, and the qubit itself can be shielded from decay through the resonator.
IV. TIME-DOMAIN EVOLUTION OF THE GATE AND SPURIOUS DRIVING OF OTHER TRANSITIONS
To compare different methods for creating entangling gates, or to design the optimum parameters for a certain experiment, it is important to know the potential sources of errors, and how these errors depend on the various parameters in the system. The first potential source of errors that we study is related to the ac-Stark effect, i.e. the energy shift that the driving field can induce on the non-resonant transitions in the system. Specifically, the applied driving field is resonant with the qubit that is to be flipped (the target qubit of the CNOT gate), but the same field also drives the control qubit, which typically has a different transition frequency. This off-resonant driving leads to a predictable, but unwanted deviation from the pure CNOT-type evolution of the system.
A. Ideal gate evolution under the rotating wave approximation
The time evolution of the system is best studied in a suitable rotating frame. In this case the driving termĤ drive in equation (3) can be conveniently split into a (time-independent) co-rotating termṼ and a (time-dependent) counterrotating termW (see appendix A). For the co-rotating termṼ we find the matrix elements given in equation (12a-d) withH drive =Ṽ .
We now make the rotating wave approximation: The counter-rotating termW oscillates very fast (at frequency 2ω) and is therefore approximated by its average value, zero. The gate we would like to perform is the usual CNOT gate, with qubit 2 as the target qubit. We therefore choosē
We are now left withH
i|Ṽ |j = j|Ṽ |i * .
In a first approximation, we ignore the matrix elementṼ 20 andṼ 31 (and their Hermitian conjugates). We then find the effective HamiltonianH
These two terms commute, and their effects can be easily superimposed. If the Hamiltonian is allowed to operate for a time t = h/(4|Ṽ 32 |) = h/(4a 1 sin θ + ), the first term produces the transformation
and the second term produces the transformation
These transformations are given in the rotating frame. They can be transformed back to the lab frame to give:
The leftmost matrix represents the Larmor precession of the system in the lab frame. Taking ϕ 1 = 0, the rightmost matrix is exactly the CNOT gate, up to a single-qubit phase gate and a global phase factor (meaning that the Makhlin parameters [49] are equal to those of the standard CNOT gate).
B. Single-and two-qubit errors caused by the ac-Stark effect
We now include the two (or four including the conjugate terms) matrix elements that we have ignored in the previous subsection:
(24a)
These matrix elements produce an ac-Stark shift on qubit 1 (the control qubit). If θ + and θ − are small, the above two matrix elements are approximately equal to a 1 /2 (up to a phase factor). This matrix element then causes a shift of a 2 1 /2(E 2 −E 0 −hω). This frequency shift can be incorporated easily into the transformation given in equations (A3-A7), simply modifying the energies that enter in equation (A1).
Note however that the two matrix elements above are slightly different, so that the ac-Stark shift of qubit 1 depends on the state of qubit 2. This situation would induce an unwanted controlled-phase (CPHASE) gate. If we take ∆ 1 /h = 6 GHz, ∆ 2 /h = 5 GHz and J/h = 0.1 GHz, we find θ 1 = 0.0058π and θ 2 = 0.063π, which gives the ratio between the matrix elements:
This means that for the given parameters, the two different values for the ac-Stark shift will differ by about 4%. This 4% difference of the frequency shift should therefore be designed such that it causes an overall phase shift much smaller than 2π over the gate time of typically a few nanoseconds. It can then be neglected. Otherwise, it could harm the fidelity of the gate. Even for extremely strong driving (a 1 /h =1 GHz), which gives a large ac-Stark shift (about 0.5 GHz), over a gate time of 4 ns, we obtain an unwanted CPHASE rotation by an angle of 0.16π. For weaker driving this unwanted angle will be smaller. Note that in our case, this CPHASE-type error can also be corrected relatively easily using single-qubit gates. In this case the SD-CNOT part of the gate is made intentionally to deviate slightly from a perfect CNOT gate by using a longer or shorter gate time, such that the evolution of the state-vector overshoots or undershoots the normal π-rotation. If the correction to the gate time is chosen appropriately, the combined evolution of the unwanted CPHASE gate and the intentionally driven CNOT gate can be transformed into a perfect CNOT gate using single-qubit gates before and after the two-qubit driving. This effect is related to the well-known fact that a CPHASE gate can be transformed into a CNOT gate using only single-qubit gates [58] . This type of correction will be demonstrated in section V.
A more rigorous analysis (see appendix B), where the driving field is treated quantum mechanically, confirms the single-qubit and two-qubit errors found here. In addition, even though we mostly look at the high driving limit where the classical description of the field gives accurate results, some phenomena can be identified more easily. Specifically it is shown that for increasing amplitudes of the driving field not only the levels of the control qubit are shifted, but also the transitions of the target qubit are no longer perfectly degenerate. In this case no transition can be fully darkened. The result is a single-qubit-type error on the target qubit. As mentioned above, single-qubit errors can be corrected relatively easily. It should be noted however that this error can slow down the CNOT gate. A perfect SD-CNOT gate requires the state vectors in the example of figure 2 to be on opposite sides of the Bloch sphere at the end of the gate, and co-rotation of the transition that should be darkened leads to a saturation of the effective gate speed. This will also be considered in section V.
V. NUMERICAL SIMULATION OF GATE DYNAMICS FOR TWO-LEVEL QUBITS
To quantify the fidelity of the selective darkening CNOT (SD-CNOT) gate, the evolution of the system was simulated numerically. We take the driving conditions derived from the simple weak driving case given in section II: the frequency of the driving field was chosen to be ω = (E 1 −E 0 )/h = (E 3 −E 2 )/h, and the amplitude ratio as given in equation (13) . The amplitudes are ramped up and down using the half-sine envelope function sin(πt/t gate ), with t running from 0 to the total gate time t gate . Note that we chose to gradually turn on and off the driving field rather than using step functions, because in many cases the steep edges can lead to undesired excitations in the system. This approach increases the gate time with a factor of π/2 compared to the minimum gate time where the driving amplitude is turned on and off abruptly. Other envelope shapes would give similar correction factors.
For a given maximum amplitude a 1 , the evolution of the system was simulated. The evolution operator at the end of the gate was evaluated according to its overlap with the ideal CNOT gate, which is quantified using the fidelity F = Tr(M gate M CNOT )/4. Here M gate is the (unitary) matrix of the simulated gate and M CNOT the ideal CNOT gate from equation (23) (which includes the phase factors i). This calculation is performed for 20 different gate times around an estimated optimum. An interpolating polynomial function was used to fit the dependence of the fidelity on the gate time, providing the final accurate estimate for the optimum gate time. The gate was recalculated using this gate time, giving the final result for the fidelity. This sequence is repeated for different driving amplitudes a 1 (with a 2 adjusted to the ratio given in equation (13) In panels (a) and (c) the gate error 1 − F is plotted versus the driving strength. Panels (b) and (d) give the corresponding gate speed, expressed as the effective coupling strength J eff divided by the natural coupling strength, for which the fidelity F is achieved. The black lines indicate the expected dependence from equation (12) . The values used for the qubit splittings are ∆1/h = 6 GHz and ∆2/h = 5 GHz.
described above, using the lowest number of corrections. We only take into account the Larmor precession, and for the control qubit the ac-Stark and Bloch-Siegert shift due to the (off-resonant) driving, disregarding for the level shifts any effects related to the coupling. The bare SD-CNOT gate is calculated first, and the corrections are applied afterward as phase gates. The required phase for the ac-Stark and Bloch-Siegert shift corrections is calculated analytically from the energy shifts δE ac−Stark = a 2 1 /2(E 2 − E 0 −hω) and δE Bloch−Siegert = a 2 1 /2(E 2 − E 0 +hω) and the gate time t gate , taking into account the envelope shape. The correction for the Larmor precession is given by the conjugate of the leftmost matrix in equation (23) . Note however that all of these corrections often do not have to be implemented physically in an experiment. The internal phase evolution of a microwave-source that is set to the resonance frequency will automatically follow the Larmor precession of the qubit, and a single-qubit phase gate can often be incorporated easily in preceding or following single-qubit gates.
For the black diamonds and red squares we performed the same procedure, but in addition we allowed single-qubit phase gates (black diamonds) or arbitrary single-qubit rotations (red squares) before and after the two-qubit gate. For each simulation of the two-qubit gate an optimization algorithm is used to find single-qubit gates that optimize the fidelity of the gate. This approach allows for correcting certain error types, such as the CPHASE-type error discussed in section IV B. Note that in all the three cases, the corrections influence not only the maximum fidelity of the gate, but also for which t gate the maximum is found.
We characterized the gate speed as the effective coupling strength J eff = h/t gate · π/2, where the factor π/2 takes into account the envelope function of the driving field. In panels (b) and (d), the black lines represent the expected gate speed as given in equation (12) . For low driving strengths the gate speed follows exactly the linear behaviour as expected from the transition strength. The gate error (given by 1 − F), increases monotonically with driving strength, except for the case with arbitrary single-qubit corrections where the error is ∼ 10 −5 throughout the whole range and is limited only by the accuracy of the numerical calculation. The low error in the latter case shows that the errors in the SD-CNOT gate are either single-qubit errors, or two-qubit errors that can be incorporated in the combined evolution to form a perfect CNOT gate, such as the CPHASE-type errors discussed in section IV B. Also in experiment this would be an attractive way to enhance the gate performance.
The slow-down of the gate for the results with arbitrary single-qubit gates (red squares) at higher driving frequencies can be explained with the error types discussed in the previous sections. If the transition |0 ↔ |1 is not fully darkened, and the state vector rotates in the same direction as the |2 ↔ |3 (CNOT) transition, a longer gate time is required to achieve the maximum separation of the two state vectors (to achieve a perfect CNOT gate the alignment of the two state vectors should be exactly opposite). Alternatively, a CPHASE-type error can require a slight overshoot of the CNOT gate evolution to achieve the best fidelity when including the single-qubit gates. Both processes are likely to contribute to the observed slow-down of the gate.
At higher driving strengths the gate speed starts to deviate from the linear dependence of the weak-driving limit. Especially where the error is larger than 0.1, the gate fidelity becomes less well-behaved. For J = 25 MHz, the effective coupling strength even seems to exceed the natural coupling strength, but this can be explained simply by the fact that the performed gate is no longer close to the desired gate. Also for J = 25 MHz, we see an improvement when using the single-qubit phase corrections (black diamonds).
Even without the extra gate optimizations (blue circles), we find a high fidelity at relatively high gate speeds. For the coupling strength of J = 100 MHz, gate speeds corresponding to 0.48J and 0.07J give a gate fidelity of 99% and 99.99% respectively. The exact numbers will depend on the system parameters. Note that these results were obtained using a fixed driving frequency and amplitude ratio, obtained from simple analytic equations, and using a fixed pulse shape. Using more advanced optimization schemes, for example using the DRAG (Derivative Removal by Adiabetic Gate) method [59, 60] , these number can likely be enhanced further.
VI. WEAKLY ANHARMONIC QUBITS
The above analysis of the SD-CNOT gate and the possible errors is accurate for true two-level qubits. However, many qubit implementations are in fact multi-level systems. In this case a nonlinear level structure allows the system to be used as an effective two-level system, where only two out of a manifold of levels are used as the (computational) qubit states. When dealing with weakly anharmonic qubits, i.e., qubits where the transition frequencies between consecutive energy levels differ only slightly, the additional energy levels have to be taken into account, as they can significantly influence the dynamics of the system. For example, one obvious complication that arises in this case is the leakage to these additional states.
We take the computational basis to be formed by the lowest two energy states of the qubits, labeled |00 , |01 , |10 and |11 , and the states outside the computational basis are labeled |02 , |20 , etc. Taking into account the third level of each qubit, and making the approximation of weak coupling (J ∆ 1 − ∆ 2 ) and weak anharmonicity (δ j ≡hω 1↔2;j −hω 0↔1;j ∆ 1 − ∆ 2 ; note that under this definition δ j is negative for phase and transmon qubits and positive for capacitively shunted flux qubits), we find the following approximate expressions for the energy eigenstates:
The respective approximate energies are given by:
Note that the labels are ordered for increasing energy of the states, except for the interchange of labels 3 and 4. This interchange makes that states 0-3 correspond to the two-level qubit case, and makes it easier to compare the two cases. Let us consider the CNOT gate with qubit 2 being the target qubit. In the qubit basis, this means that the |0 → |1 transition is to be darkened, and the |2 → |3 transition provides the CNOT gate dynamics. The required relation between the driving amplitudes is again given by equation (6) and ϕ 2 − ϕ 1 = 0. For simplicity in the expressions we also take ϕ 1 = ϕ 2 = 0. The transition strengths of the darkened and CNOT-gate transition are now given by 1| a 1 2σ
whereσ (1) x =σ x ⊗ 1 andσ
From these equations we can recognise the first consequence of the additional levels: The transition strength of the |3 ↔ |2 (CNOT) transition is reduced by a potentially significant factor. This reduction is a consequence of the mixing between the states |11 and |20 , which introduces a new term into the matrix element 3| a1 2σ
(1)
x |2 . For systems where both the anharmonicity and the coupling energy are small compared to the detuning between the qubits, the speed of the gate will be greatly suppressed. So in order to achieve large gate speeds with weakly anharmonic qubits, one must design the system with one or both of these two factors relatively large.
Next we analyze the leakage to the states outside the computational basis. The largest leakage arises from the transitions |1 → |4 and |3 → |6 , because qubit 1 (the control qubit) is driven the strongest. The corresponding matrix elements and energy detunings are given by:
To avoid leakage, the transition strengths of the unwanted transitions should be lower (possibly much lower) than the detuning with the driving fields (similar as in section II A): l|H drive |k < |hω −hω l↔k |. Both leakage transitions have approximately equal energy splitting (≈ δ 2 ). The |3 ↔ |6 transition clearly has the highest transition strength. Using this transition we find the estimate for the maximum allowed Rabi frequency of the CNOT transition:
How close one can get to this estimated maximum is simulated numerically, and will be discussed shortly. A third issue that one needs to keep in mind when dealing with weakly anharmonic qubits is that the additional energy levels cause frequency shifts that break the symmetry E 3 − E 2 = E 1 − E 0 . In particular, the energies of the state 4 (≈ |02 ) and 5 (≈ |20 ) will be close to the energy of the state 3 (≈ |11 ). Fortunately, they cause shifts in opposite directions and almost cancel. The net shift is given by (see the expressions for the energies above):
This frequency shift is not specific for the selective darkening method, but typical for weakly anharmonic qubits, and results in an always-on interaction that drives a CPHASE gate. We again perform numerical simulations to determine the total fidelity of all the combined errors. First we start with simulations where we vary the anharmonicity in order to see its effect on the gate speed and fidelity. We The results are shown in figure 4 . At low driving strength, the gate speeds have a good correspondence with the expected dependence from the transition strength [equation (28b)], confirming the slowdown of the SD-CNOT gate for decreasing anharmonicity. This implies that for weakly anharmonic qubits it is recommended to design the detuning between the qubits to be relatively small, so the negative impact on the gate speed due to the weak anharmonicity can be minimized. Due to the low gate speeds, all the energy shifts induced by the driving and the higher-lying levels are also more significant. For this reason, the simple analytical calculation of the AC-Stark and Bloch-Siegert shifts of the control qubit (as was used for the calculation of the data represented by the blue circles in figure 3 ) no longer gives useful results. Therefore we do not plot the corresponding results in figure 4 .
Another prominent feature is the decrease of the gate speed at high driving amplitudes. One possible explanation for this effect is a competition between the SD-CNOT gate and an AC-Stark induced CPHASE gate. For figure 4(d) a plateau is observed at low driving strength. This plateau is related to the CPHASE evolution caused by level shifts induced by the higher energy levels of the qubits, and is therefore independent of the driving amplitude. As mentioned before, a CPHASE-type error can be corrected by altering the duration of the two-qubit driving and using single-qubit rotations. The plateau indicates that the CPHASE contribution to the final CNOT gate is even dominating over the selective-darkening contribution. The origin of the plateaus in (d) and (f) at high driving power is not known. The same holds for the sharp sudden increase in the error. Note however that at these points the driving strength is already higher than would be advisable given the anharmonicity of the qubits.
A common approach to improve gate speed and fidelity for weakly anharmonic qubits is to use pulse shaping (see for example the DRAG method [59, 60] ). This approach could lead to improved gate speed and fidelity, but will not be discussed here.
In the experiment described in [41] , a cross-resonance (CR) gate is performed. Given the close relationship between the SD and CR method, we calculate, for comparison, the SD performance for the described system. The qubit parameters in this case are ∆ 1 /h = 5.854 GHz, ∆ 2 /h = 5.528 GHz, δ 1 /h = 225 MHz, δ 2 /h = 255 MHz and J/h = 6 MHz. The coupling J is estimated from the numbers provided in the reference. Figure 5 shows the result of the simulations. The gate speed in the simulations is in good agreement with the typical gate speeds in the experiment. With these system parameters one achieves a relatively high effective coupling, primarily thanks to the small detuning between the qubits. At very low driving strength we see a similar plateau as in the previous parameter set, and again attribute this to level shifts due to the states outside the computational basis. conclude that the leakage to these states is negligible at these driving strengths: if there were significant leakage to these levels, the results using the arbitrary single-qubit corrections represented by the red squares could not lead to the gate improvement that is observed, because the single-qubit corrections that we apply in the calculations cannot transfer back any state-population that is lost during the SD gate. The increase of the gate error for the results with arbitrary single-qubit gate corrections at a 1 /h = 0.1 GHz is not yet understood. Also we do not see the significant slow-down of the gate at high driving strength as was measured in the experiment. A possible explanation for this is that different pulse-shapes were used, that in the experiment also DRAG-type [59, 60] pulses were applied, or that the presence of the resonator has an additional influence that is not covered by our direct-coupling model. Nevertheless, the calculation illustrates that similar performance can be expected for the SD and CR methods.
VII. SCALABILITY
Let us now consider the scalability of the SD-CNOT gate to systems of more than two qubits. We take a system composed of a one-dimensional chain of N transversely-coupled qubits and use the Jordan-Wigner (JW) transformation to turn it into a system of fermions occupying a one-dimensional lattice with N sites. The transformation is given by:σ
whereĉ andĉ † are annihilation and creator operators,
. This transformation transforms our original Hamiltonian, i.e.
This Hamiltonian does not look much simpler than the original one. In order to obtain something simple out of it, we now write the Hamiltonian aŝ
where M is a 2N × 2N matrix. It is always possible to define new operatorsγ i (with i = 1, 2, ..., N ) that also obey Fermi statistics and for which the Hamiltonian takes the simple form
with a diagonal matrixM (note that this step can be carried out by diagonalizing the matrix M ). In other words,
The physical meaning of the above Hamiltonian is the following. We have defined new creation and annihilation operators, which are combinations of the creation and annihilation operators for the original fermions. With the new definition, the Hamiltonian has turned into a Hamiltonian of non-interacting fermions. By diagonalizing the matrix M , we therefore obtain the available single-particle energy levels for these newly defined particles. This transformation can be interpreted as going from a description using the bare qubit states to a picture where the states are dressed by the qubit-qubit coupling energies. For a system with fixed qubit-qubit couplings, the dressed states are the most natural and physically relevant states to describe the dynamics [61] .
The total energy of the entire system is obtained by identifying which single-particle energy levels are occupied and taking the sum of the energies of these levels. In other words, any energy eigenstate can be expressed asγ † iγ † j · · ·γ † k |G , where i, j, ..., k denote the occupied single-particle states and |G is the ground state of the system. This derivation provides a somewhat intuitive explanation to the result of reference [62] , that the Larmor frequency of a given qubit is independent of the states of the other qubits. Since the original Hamiltonian is equivalent to a Hamiltonian that describes non-interacting fermions, it is natural that the change in energy induced by the addition of one particle into a certain energy level is independent of whether the other energy levels are occupied or not. This statement is independent of the strength of the coupling: even for strong coupling, where the energy eigenstates of the spin system are very involved (which corresponds to the fermion energy eigenstates having a large extension in space), the symmetric energy-level structure is still preserved. The only requirement is a one-dimensional chain with a Hamiltonian of the form given in equation (36) . Now let us turn to the eigenstates of the Hamiltonian. In general, determining these eigenstates is harder than determining the eigenvalues, because even the ground state has a complicated form. The ground state |G is defined by the set of conditionsγ
for all values of i. In other words, there are noγ fermions in the ground state. However, in the language of thê c fermions, the above set of equations are not transparent at all and do not have any simple solution in general. This difficulty could make calculations complicated. However, we are mostly interested in the practical situation where the typical scale of the coupling energies (J) is small compared to the typical energy scale of the difference between different qubit splittings (δ∆). We can therefore perform perturbation-theory calculations where we start by considering the case J = 0 first and then analyse the effect of adding a small coupling term. In the case of zero coupling (J = 0), the matrix M is already diagonal, which means that theγ fermions coincide with theĉ fermions. This means that each (single-particle) energy level is localized at one lattice site with no tunneling between these sites. The state of the entire system is defined simply by specifying the occupation (0 or 1) of the different lattice sites. We now add a small coupling term (J = 0). For simplicity, we first consider the condition that the coupling strength is very small compared to the qubit Larmor frequencies (J ∆; note that here we use ∆, not δ∆) and make the rotating wave approximation, meaning that the terms in equation (37) that create or annihilate twoĉ fermions are ignored:Ĥ
This approximation leads to a conceptual simplification, because we now know that creating aγ fermion in a given energy level corresponds to creating aĉ fermion in a quantum state that is (in general) spread over the entire lattice, with no involved mixing between creation and annihilation operators. Another important result of the above approximation is that the ground state reduces to a very simple form. Regardless of the exact form of the operatorŝ γ i in terms of the operatorsĉ i , the set of conditionsγ i |G = 0 leads to the set of conditionsĉ i |G = 0, such that the ground state corresponds to zero occupation of all the single-particle states in both languages. Note that the number of particles is also the same for any state in both languages ( ĉ †ĉ = γ †γ ). With the above approximation, we have turned the Hamiltonian into a Hamiltonian that conserves the number of particles (even in the language of theĉ operators). Note also that there are no interaction terms in the Hamiltonian. We can therefore proceed in calculating the form of the operatorsγ i by considering a single-particle problem (This is allowed because in the absence of interactions the form of the different single-particle wave functions will be insensitive to whether other wave functions are occupied or not). For this purpose we imagine that there is only one particle in the system, and this particle can hop (i.e. tunnel) between the different lattice sites.
When calculating the form of the single-particle wave functions, we use the condition J δ∆. This condition implies that although theĉ fermions can hop between the different lattice sites, the hopping matrix elements are small compared to the detuning between neighbouring sites. As a result, the different single-particle states (i.e., those described by theγ fermions) will each be concentrated around one lattice site (recall that when J = 0 the states are completely localized at individual lattice sites). One can calculate the spread of the states using perturbation theory. Writingγ
we find that:
. . .
Note that the above relation can be inverted straightforwardly:
In principle the localization situation changes when two or more lattice sites are degenerate. For example, in the case of two-fold degeneracy and an otherwise symmetric environment, the (single-particle) energy eigenstates will be symmetric and antisymmetric superpositions of the particle being at one of the two sites. However, provided that these degeneracies occur only for largely separated lattice sites, the effective tunneling matrix element will be exponentially small in the distance between the two sites in question: (assuming j > i)
We can therefore ignore such long-range tunneling and focus on the practically relevant case where theγ fermions and theĉ fermions are almost equal, with exponentially decaying tails describing the spread of theγ fermions. This situation is related to the phenomenon of Anderson localization, where disorder causes the single-particle states to be localized with exponentially decaying tails. We can now start doing the calculations for the Rabi frequencies. Before going into long expressions, we make the following observation. If a driving signal is applied to qubit i, the driving term in the Hamiltonian can be expressed in the language of fermions as:
The relevant matrix elements for purposes of evaluating the Rabi frequency of qubit k therefore have the form:
where the index i represents the driven qubit and the operators on the far right and far left (i.e. those with indices m, n, ..., p) describe the state of the surrounding qubits. Let us now assume that i and m are separated by a large distance. From the localization argument above, we know that the fermion created by the operatorγ † m is concentrated mostly on one side of site i (i.e. to the right if m > i and to the left if m < i), with only a very small probability of occupying site i or crossing to the opposite side. As mentioned above, this probability decreases exponentially with J δ∆ 2 (54d) and similar expressions for the case where the operatorγ 3 appears.
The relative error in the CNOT gate will therefore be of order (J/δ∆) 2 . This result is in agreement with the numerical calculations in reference [62] where also a spread of (J/δ∆) 2 is found in the matrix elements for flipping qubit i when driving qubit i + 1, depending on the states of the surrounding qubits.
The scaling of the error with (J/δ∆) 2 is comparable to other schemes for implementing entangling two-qubit gates. The SD-CNOT gate has however the added advantage that the qubit level splittings do not need to be shifted. The shifting of energy levels gets increasingly complicated in multi-qubit systems, where the multitude of levels makes it harder to avoid crossing resonances that lead to unwanted evolution and entanglement. Also the freedom that the qubits do not need to be nearest-neighbour in frequency can make the design of a multi-qubit system simpler.
VIII. CONCLUSION AND DISCUSSION
We have theoretically analysed all the properties of the SD-CNOT gate that are important for its implementation in experiments. In the weak-driving limit, and in the absence of decoherence, the fidelity of the gate is 100%. For increasing driving strength the fidelity of the gate decreases due to the off-resonant driving of other transitions in the system. The off-resonant driving can induce spurious excitation of these transitions and AC-stark shifts of the levels, inducing an undesired single-qubit and (entangling) two-qubit evolution. We analysed the strength of these effects analytically, and in addition performed a full numerical simulation of the time evolution of the system. For the SD-CNOT gate without extra optimizations, the numerical simulations show a fidelity of 99% and 99.99% for gate speeds corresponding to 0.48J and 0.07J respectively. At high gate speeds the fidelity can be boosted by employing single-qubit correction pulses before and after the two-qubit driving.
The gate performance was also analysed for multi-level qubits with weak anharmonicity of the energy splittings. As expected, it was found that the gate speed for a specified fidelity goes down for decreasing anharmonicity of the qubits. The energy shifts of the computational states due to the higher levels and leakage to these higher levels can both play an important role. We determined fidelities of 99% and 99.99% for gate speeds corresponding to 0.08δ and 0.02δ (for δ ≈ 200 MHz). The gate speed can be increased by designing a relatively large coupling strength or low detuning between the qubits, or both. Another possible route towards increasing the gate speed and/or fidelity for weakly anharmonic qubits is using pulse shaping of the driving field.
The scalability of the SD-CNOT gate was also studied. For a 1-dimensional array of qubits the error in the gate scales as (J/δ∆) 2 , which is comparable to other schemes for implementing entangling two-qubit gates. The SD-CNOT gate has however the favorable properties that the qubit level splittings do not need to be shifted, and neither is it required that the qubits are nearest-neighbour in frequency. These properties can make a significant difference in the design of multi-qubit systems. We conclude that in terms of fidelity, gate speed and potential for scalability, the SD-CNOT gate provides a valuable addition to the existing variety of entangling gates.
The matrix elements ofH drive can be conveniently split intoH drive =Ṽ +W , whereṼ contains the time-independent andW the time-dependent terms:
1|Ṽ |0 = e iωt 1|V |0 i|W |j = j|W |i * .
Transforming back to the lab-frame, the matrix elements in the energy eigenbasis ofV andŴ are given by i|V |j = j|V |i * i|Ŵ |j = i|V |j * .
From these equations we see thatV describes the co-rotating andŴ the counter-rotating field with respect to the Larmor precession of the system. The representation ofV in the uncoupled-qubit basis can be straightforwardly calculated from the result of equation (A8), however the result is a rather involved and large matrix. The main results of this appendix, i.e. the matrix elements in equation (A7), can be reproduced exactly by use of the termsH + drive andH − drive as described in subsection II A. This approach is valid for the purpose of calculating transition strengths, but for other purposes it can be necessary to use the full representationV andŴ .
Note that in the derivation in this appendix no approximations have been made: we have only performed transformations and rearranged equations. quantized field. The driving term a i cos(ωt) in the original Hamiltonian (i.e. the Hamiltonian in which the driving field is treated as classical) is now replaced by the operator g i (b +b † ), where g i represents the coupling strength between the resonator and qubit i.
We take the case where qubit 2 is the target qubit and where the |00 ↔ |01 transition is to be darkened. In this case ϕ 1 = ϕ 2 . Again, for simplicity in the expressions, we take ϕ 1 = ϕ 2 = 0. Unlike in the weak-driving limit, we do not impose the relationshω = E 1 − E 0 and a 2 /a 1 = sin θ + / cos θ − . Instead, we leave the coupling strengths between the oscillator and the two qubits as tunable parameters to be decided later.
Assuming that the qubit frequencies ∆ 1 and ∆ 2 are much larger than the coupling and driving frequency scales, the energy-level structure breaks up into blocks of four energy levels in each block, with negligible effects caused by the coupling between the different blocks. We therefore consider the spaces spanned by the states |0, N + 1 , |1, N , |2, N and |3, N − 1 . In this space the Hamiltonian reads:
where C i = √ N g i , with N the number of photons in the resonator, and we have made the assumption that N is large, such that N ≈ N + 1.
One can now argue that the condition for a darkened transition is that the two corresponding energy levels must be degenerate: what corresponds to driven (Rabi) evolution in the previous picture can be regarded as Larmor precession in the current picture, and for Larmor precession to be suppressed the corresponding states have to be degenerate.
If we make the approximation that the driving amplitudes are small compared to the detuning, the above Hamiltonian can be approximated aŝ
and then it is obvious that the lowest two energy levels are degenerate for the choice of parameters (E 1 − E 0 ) −hω = 0 and −C 1 sin θ + + C 2 cos θ − = 0, which is just a different way of writing the condition derived in the semiclassical derivation [equation (13) ]. When we do not make the approximation of small driving amplitudes, using the full Hamiltonian in equation (B1), the matrix elements H 02 , H 20 , H 13 and H 31 will mix all the quantum states to form the new, corrected energy eigenstates. If we think in terms of an order-by-order expansion of the effects of these matrix elements, we see that the matrix elements H 02 and H 20 will cause mixing and repulsion between the states |0, N + 1 and |2, N , while the matrix elements H 13 and H 31 will cause mixing and repulsion between the states |1, N and |3, N − 1 . To first order, the corrected quantum states are:
|1, N = |1, N − C 1 cos θ + − C 2 sin θ − E 2 − E 0 −hω |3, N − 1 (B3b) |2, N = |2, N + C 1 cos θ + + C 2 sin θ − E 2 − E 0 −hω |0, N + 1 (B3c)
and, to lowest order, the corrections to the energies (δE i = E i − E i ) are given by δE 0 = −δE 2 = − (C 1 cos θ + + C 2 sin θ − ) 2 E 2 − E 0 −hω (B4a)
